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Background Material

Review of radiative transfer concepts



SPECIFIC INTENSITY

• We describe radiation with equations in phase space.
• High dimensional problem: Position (3), momentum (3), frequency (1)
• But light travels at the same speed, so use direction and intensity.
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<latexit sha1_base64="YzbbundHkeELImUxHfBGGn+frFI="></latexit>



RADIATIVE TRANFER EQUATION (RTE)

• Energy is conserved as a ray propagates in vacuum (collisionless):

• Taylor expand in space and time to get a local transport equation:

I⌫(t,x) = I⌫(t+�t,x+ c�tn̂)
<latexit sha1_base64="xsTz8jZjKuBNPqRi72MXFFpc8i8="></latexit>
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<latexit sha1_base64="Khxqe+VLC8gqxMEqLKQvdUzu2LQ="></latexit>
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ABSORPTION

• Absorption depends only on the traversed material optical depth:

• Thus, pure absorption gives rise to Beer’s law of attenuation:

• The optical depth is the path-integrated absorption probability:

�I⌫ = �k⌫�`I⌫
<latexit sha1_base64="rLWGhIgzFIXqMY2Od9IhSrhTdwI=">AAACEHicbZC7SgNBFIZn4y3G26qlzWAQbQy7UdBGCJhCuwjmAtklzE5OkiGzs8vMrBBCHsHGV7GxUMTW0s63cbLZQhMPDHz8/zmcOX8Qc6a043xbuaXlldW1/HphY3Nre8fe3WuoKJEU6jTikWwFRAFnAuqaaQ6tWAIJAw7NYHg99ZsPIBWLxL0exeCHpC9Yj1GijdSxj70qcE3wbccTCb7Cp8MUMtUDzmdWxy46JSctvAhuBkWUVa1jf3ndiCYhCE05UartOrH2x0RqRjlMCl6iICZ0SPrQNihICMofpwdN8JFRurgXSfOExqn6e2JMQqVGYWA6Q6IHat6biv957UT3Lv0xE3GiQdDZol7CsY7wNB3cZRKo5iMDhEpm/orpgEhCtcmwYEJw509ehEa55J6VynfnxUo1iyOPDtAhOkEuukAVdINqqI4oekTP6BW9WU/Wi/Vufcxac1Y2s4/+lPX5AxDzm10=</latexit>
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<latexit sha1_base64="FrHGXW/jmNcyQh/SMFfeesnc+Q8="></latexit>

k = k(x, n̂, t, ⌫, ⇢, T,v, . . .)
<latexit sha1_base64="0wQkxNktR1uMP0oDbSwrHmfIa2c="></latexit>
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EMISSION

• The emissivity adds energy to beams independent of the intensity:

• For example, in local thermal equilibrium (LTE) the intensity is 
equal to the blackbody distribution (steady-state solution).

• Therefore, balancing emission and absorption gives:

�I⌫ = j⌫�`
<latexit sha1_base64="sIEG0COhruy7gAXa5cmrs57QqeA=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSlIF3QgFu9BdBfuAJoTJ9KYdO5mEmYlQQrdu/BU3LhRx6x+482+ctllo64HLPZxzLzP3BAlnStv2t7W0vLK6tl7YKG5ube/slvb2WypOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYXk389gNIxWJxp0cJeBHpCxYySrSR/BJ268A1wTe+K1J8ie+nPRdd4Nwvle2KPQVeJE5OyihHwy99ub2YphEITTlRquvYifYyIjWjHMZFN1WQEDokfegaKkgEysuml4zxsVF6OIylKaHxVP29kZFIqVEUmMmI6IGa9ybif1431eGFlzGRpBoEnT0UphzrGE9iwT0mgWo+MoRQycxfMR0QSag24RVNCM78yYukVa04p5Xq7Vm5Vs/jKKBDdIROkIPOUQ1dowZqIooe0TN6RW/Wk/VivVsfs9ElK985QH9gff4AZMuY4g==</latexit>
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<latexit sha1_base64="T9RXGs97J8gMGPMJQKKOSAtesGA="></latexit>

�I⌫,em +�I⌫,abs = 0 ) j⌫ = k⌫B⌫(T )
<latexit sha1_base64="31LiNAUTBtXNbPy1ZOoyNJvGR0s="></latexit>

|dT/d⌧ | ⌧ T
<latexit sha1_base64="tzyQ/NcXO0as5Q7htx3sOP1nMjc=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuKpJFXRZ0IXLCr1BE8pkMm2HTi7MnIgl7c6Nr+LGhSJufQV3vo3TNoK2/jDw8Z9zOHN+LxZcgWV9Gbml5ZXVtfx6YWNza3vH3N1rqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrib15h2TikdhDYYxcwPSC3mXUwLa6piHIwfYPaT+uHb6Qw6QZIQdIXCtYxatkjUVXgQ7gyLKVO2Yn44f0SRgIVBBlGrbVgxuSiRwKti44CSKxYQOSI+1NYYkYMpNp3eM8bF2fNyNpH4h4Kn7eyIlgVLDwNOdAYG+mq9NzP9q7QS6l27KwzgBFtLZom4iMER4Egr2uWQUxFADoZLrv2LaJ5JQ0NEVdAj2/MmL0CiX7LNS+fa8WLnO4sijA3SETpCNLlAF3aAqqiOKHtATekGvxqPxbLwZ77PWnJHN7KM/Mj6+AZaWmcA=</latexit>



SCATTERING

• Scattering is absorption followed by re-emission.
• However, the direction and energy/frequency can change:

• If we assume isotropic elastic scattering then R ~ δ(ν)/4π.

• This is usually assumed, except when redistribution is needed.

ZZ
(k⌫0I⌫0R⌫0,n̂0!⌫,n̂ � k⌫I⌫R⌫,n̂!⌫0,n̂0) d⌦0d⌫0

<latexit sha1_base64="UD8YIrdyvlM6dsIbA/nxdB7Cd5Q="></latexit>
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<latexit sha1_base64="QKWYH8EjSA8twbX4rRHemtM4L8I="></latexit>



RTE WITH SOURCE TERMS

• The general radiative transfer equation with source terms is:

• If we assume LTE, isotropic elastic scattering, and grey opacity:

• The albedo defines purely scattering and absorbing components:

1

c

@I⌫
@t

+ n̂ ·rI⌫ = j⌫ � k⌫I⌫
<latexit sha1_base64="qPurEWTQ7REvdzgYsV6OCB+njDw="></latexit>
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+ n̂ ·rI = ka(B � I) + ks(J � I) + jext

<latexit sha1_base64="rgFX0Is5LRrGQkNwDduCPfY71rY="></latexit>

A = ks/(ks + ka)
<latexit sha1_base64="ZpdwXrF0XFfRJJSgHnb9K3CBR3I=">AAACE3icbVDLSgMxFM34rPU16tJNsAhVoc5UQTdCRRcuK9gHtKVk0rQNzWSG5I5YhvkHN/6KGxeKuHXjzr8xfSC19cCFk3PuJfceLxRcg+N8W3PzC4tLy6mV9Ora+samvbVd1kGkKCvRQASq6hHNBJesBBwEq4aKEd8TrOL1rgZ+5Z4pzQN5B/2QNXzSkbzNKQEjNe3DS3yBe806sAeIdYKPcXbidfRrkeSgaWecnDMEniXumGTQGMWm/VVvBTTymQQqiNY11wmhERMFnAqWpOuRZiGhPdJhNUMl8ZluxMObErxvlBZuB8qUBDxUJydi4mvd9z3T6RPo6mlvIP7n1SJonzdiLsMImKSjj9qRwBDgQUC4xRWjIPqGEKq42RXTLlGEgokxbUJwp0+eJeV8zj3J5W9PM4XrcRwptIv2UBa56AwV0A0qohKi6BE9o1f0Zj1ZL9a79TFqnbPGMzvoD6zPH0JYnS4=</latexit>

jext = external sources
<latexit sha1_base64="PF5xs6suEXEqERvQjnENIR/VPfU=">AAACEHicbVDLSgMxFM3UV62vqks3wSK6KjNV0I1Q0IXLCvYB7TBk0jttbCYzJBmxDP0EN/6KGxeKuHXpzr8xbQfR1gMXTs65l5t7/JgzpW37y8otLC4tr+RXC2vrG5tbxe2dhooSSaFOIx7Jlk8UcCagrpnm0IolkNDn0PQHF2O/eQdSsUjc6GEMbkh6ggWMEm0kr3h463U03OvU1Aif458HSEF4B08XqZFXLNllewI8T5yMlFCGmlf87HQjmoQgNOVEqbZjx9pNidSMchgVOomCmNAB6UHbUEFCUG46OWiED4zSxUEkTQmNJ+rviZSESg1D33SGRPfVrDcW//PaiQ7O3JSJONEg6HRRkHCsIzxOB3eZBKr50BBCJTN/xbRPJKEmD1UwITizJ8+TRqXsHJcr1yel6mUWRx7toX10hBx0iqroCtVQHVH0gJ7QC3q1Hq1n6816n7bmrGxmF/2B9fENFjad4w==</latexit>



MONTE CARLO PHOTON PACKETS

• Radiation field is discretized by sampling photon packets with 
energy weight ε, position r, direction n, frequency ν, and time t.

• Emission can be calculated deterministically, e.g.

• But then we have to draw random states (ε, r, n, ν, t).
• Transport is done stochastically too (exponential distribution).

where

• Move photon to the scattering location and change direction:

�Eem = c�tV kaaBT
4

<latexit sha1_base64="KUuxZrjDsK5BQi0ThiQggiQF+JQ=">AAACJHicbZDJSgNBEIZ73I1b1KOXxiB4CjMaUBBBNILHCCYKSQw1nYo26VnorhHDMA/jxVfx4sEFD158FjtxDm4FDR//X0V1/X6spCHXfXfGxicmp6ZnZgtz8wuLS8XllYaJEi2wLiIV6QsfDCoZYp0kKbyINULgKzz3+0dD//wGtZFReEaDGNsBXIWyJwWQlTrFvVYVFQE/7rQIbynFIOP7XPBcJt7g/dyCjEOOhxk/u6x0iiW37I6K/wUvhxLLq9YpvrS6kUgCDEkoMKbpuTG1U9AkhcKs0EoMxiD6cIVNiyEEaNrp6MiMb1ily3uRti8kPlK/T6QQGDMIfNsZAF2b395Q/M9rJtTbbacyjBPCUHwt6iWKU8SHifGu1ChIDSyA0NL+lYtr0CDI5lqwIXi/T/4Lja2yt13eOq2UDqp5HDNsja2zTeaxHXbATliN1Zlgd+yBPbFn5955dF6dt6/WMSefWWU/yvn4BCiUo+k=</latexit>
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Z
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<latexit sha1_base64="DI5I8+g4WapbhrdRUqZ9FrL/D8s="></latexit>

⌧scat = � ln ⇣
<latexit sha1_base64="gu4YDKZnHib41bXMxuYWFWSr7y4=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBC8GHZV0Isg6MGjgnlANoTZSScZMju7zPSKccnJi7/ixYMiXv0Gb/6Nk8dBEwsaiqpuurvCRAqDnvft5GZm5+YXFpfyyyura+vuxmbZxKnmUOKxjHU1ZAakUFBCgRKqiQYWhRIqYfdi4FfuQBsRq1vsJVCPWFuJluAMrdRwdwJkaSNAuMfMWLFPz+hBIBUNHgBZwy14RW8IOk38MSmQMa4b7lfQjHkagUIumTE130uwnjGNgkvo54PUQMJ4l7WhZqliEZh6NnyjT/es0qStWNtSSIfq74mMRcb0otB2Rgw7ZtIbiP95tRRbp/VMqCRFUHy0qJVKijEdZEKbQgNH2bOEcS3srZR3mGYcbXJ5G4I/+fI0KR8W/aPi4c1x4fxyHMci2Sa7ZJ/45ISckytyTUqEk0fyTF7Jm/PkvDjvzseoNeeMZ7bIHzifP8eYmKw=</latexit>

P (⌧) / e�⌧
<latexit sha1_base64="iogyRJXh2a/iSMAJMyqe+Rgd0Gk=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMVEGXBV24rGAf0BlLJs20oZlMSDJCGYobf8WNC0Xc+hXu/Bsz7Sy09UDgcM693JwTCEaVdpxvq7C0vLK6VlwvbWxube/Yu3stFScSkyaOWSw7AVKEUU6ammpGOkISFAWMtIPRVea3H4hUNOZ3eiyIH6EBpyHFSBupZx80Kp5GyQn0hIyFjiG5T08zZdKzy07VmQIuEjcnZZCj0bO/vH6Mk4hwjRlSqus6QvspkppiRiYlL1FEIDxCA9I1lKOIKD+dRpjAY6P0YRhL87iGU/X3RooipcZRYCYjpIdq3svE/7xuosNLP6VcJJpwPDsUJgyaqFkfsE8lwZqNDUFYUvNXiIdIIqxNayVTgjsfeZG0alX3rFq7PS/Xr/M6iuAQHIEKcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjNlqw8p198AfW5w9OwJbA</latexit>

⇣ 2 [0, 1]
<latexit sha1_base64="nC2+Peui1y/QaXpjDZ1nKKcGfaA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5SkCnos6MFjBfsBSSib7aRdutmE3Y3Qhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq219Y3Nre3STnl3b/+gYh8etVWSSQotmvBEdkOigDMBLc00h24qgcQhh044up35nSeQiiXiUY9TCGIyECxilGgj9eyKPwFNsM8E9pwLN+jZVafmzIFXiVuQKirQ7Nlffj+hWQxCU06U8lwn1UFOpGaUw7TsZwpSQkdkAJ6hgsSggnx++BSfGaWPo0SaEhrP1d8TOYmVGseh6YyJHqplbyb+53mZjm6CnIk00yDoYlGUcawTPEsB95kEqvnYEEIlM7diOiSSUG2yKpsQ3OWXV0m7XnMva/WHq2rjroijhE7QKTpHLrpGDXSPmqiFKMrQM3pFb9bEerHerY9F65pVzByjP7A+fwAULpIP</latexit>

)
<latexit sha1_base64="0L/KjQjV7NtFTGZoEEAaRpfJHYY=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeizowWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVpyhpUCaXbETFMcMkayFGwdqoZSSLBWtHweuq3Hpk2XMkHHKUsTEhf8phTglYKOve8P0CitXrqlspexZvBXSZ+TsqQo94tfXV6imYJk0gFMSbwvRTDMdHIqWCTYiczLCV0SPossFSShJlwPDt54p5apefGStuS6M7U3xNjkhgzSiLbmRAcmEVvKv7nBRnGV+GYyzRDJul8UZwJF5U7/d/tcc0oipElhGpub3XpgGhC0aZUtCH4iy8vk2a14p9XqncX5dpNHkcBjuEEzsCHS6jBLdShARQUPMMrvDnovDjvzse8dcXJZ47gD5zPH5MDkXM=</latexit>

�r = �`n̂
<latexit sha1_base64="BPl24Kqy7u2B6GWysrqvQtyBBWc=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDEItypoI0QMIVlBBOFXAh7m7lkyd7esTsnhOP+g41/xcZCEVsbO/+Nm+QKvx4MPN6bYWZekEhh0HU/nbn5hcWl5dJKeXVtfWOzsrXdNnGqObR4LGN9GzADUihooUAJt4kGFgUSboLRxcS/uQNtRKyucZxAN2IDJULBGVqpVzn0GyCR0cwPQqpzek4LwQcpqT9kmE0tlee9StWtuVPQv8QrSJUUaPYqH34/5mkECrlkxnQ8N8FuxjQKLiEv+6mBhPERG0DHUsUiMN1s+lNO963Sp2GsbSmkU/X7RMYiY8ZRYDsjhkPz25uI/3mdFMOzbiZUkiIoPlsUppJiTCcB0b7QwFGOLWFcC3sr5UOmGUcbY9mG4P1++S9pH9W849rR1Um13ijiKJFdskcOiEdOSZ1ckiZpEU7uySN5Ji/Og/PkvDpvs9Y5p5jZIT/gvH8BYcedQA==</latexit>

�t = c�`
<latexit sha1_base64="AVdD12F1dVHaZXKK7JrRIbnqEVM=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8BR2o6AXIWAOHiOYB2RDmJ30JkNmH8z0CiHEi7/ixYMiXv0Lb/6Nk2QPmljQUFPVzXSXn0ih0XG+rdzK6tr6Rn6zsLW9s7tn7x80dJwqDnUey1i1fKZBigjqKFBCK1HAQl9C0x/eTP3mAygt4ugeRwl0QtaPRCA4QyN17SOvChIZRXpNOc0eHkjZtYtOyZmBLhM3I0WSoda1v7xezNMQIuSSad12nQQ7Y6ZQcAmTgpdqSBgfsj60DY1YCLoznl0woadG6dEgVqYipDP198SYhVqPQt90hgwHetGbiv957RSDq85YREmKEPH5R0EqKcZ0GgftCQUc5cgQxpUwu1I+YIpxNKEVTAju4snLpFEuueel8t1FsVLN4siTY3JCzohLLkmF3JIaqRNOHskzeSVv1pP1Yr1bH/PWnJXNHJI/sD5/ADtTlXo=</latexit>

�⌧scat = �ks�`
<latexit sha1_base64="76VvUJf90P+9nZd7nlNl/ns+3lI=">AAACGnicbVDLSgNBEJz1GeMr6tHLYBC8GHajoBchYA4eI5gHZEOYnXSSIbMPZnrFsOQ7vPgrXjwo4k28+DdOkg1oYsFAUVVNT5cXSaHRtr+tpeWV1bX1zEZ2c2t7Zze3t1/TYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A99uv3oLQIgzscRtDyWS8QXcEZGqmdc9wySGTURRa3XYQHTLTxRvSKng5mwojOUiBlO5e3C/YEdJE4KcmTFJV27tPthDz2IUAumdZNx46wlTCFgksYZd1YQ8T4gPWgaWjAfNCtZHLaiB4bpUO7oTIvQDpRf08kzNd66Hsm6TPs63lvLP7nNWPsXrYSEUQxQsCni7qxpBjScU+0IxRwlENDGFfC/JXyPlOMo2kza0pw5k9eJLViwTkrFG/P86VyWkeGHJIjckIcckFK5IZUSJVw8kieySt5s56sF+vd+phGl6x05oD8gfX1Axt8oOk=</latexit>



Lyman-α MCRT

Unique aspects of resonance lines



LYMAN-ALPHA – VOIGT LINE PROFILE

• Transform to dimensionless frequency and line profile.

• Cross-section is given by the Hjerting–Voigt function:

x ⌘ ⌫ � ⌫0
�⌫D

<latexit sha1_base64="rGRINlzF4stGXSH9h2xQTCxEstI=">AAACGXicbVDLSgMxFM34rPVVdekmWAQ3lhkVdFmwC5cV7AM6pWTSOxrMZMbkTmkZ5jfc+CtuXCjiUlf+jelj4etAwsk593JzT5BIYdB1P525+YXFpeXCSnF1bX1js7S13TRxqjk0eCxj3Q6YASkUNFCghHaigUWBhFZwez72WwPQRsTqCkcJdCN2rUQoOEMr9UrukPpwl4oB9UPNeOarlB5Se/fcPPNrIJFNXj7CELNanvdKZbfiTkD/Em9GymSGeq/07vdjnkagkEtmTMdzE+xmTKPgEvKinxpIGL9l19CxVLEITDebbJbTfav0aRhrexTSifq9I2ORMaMosJURwxvz2xuL/3mdFMOzbiZUkiIoPh0UppJiTMcx0b7QwFGOLGFcC/tXym+YTQhtmEUbgvd75b+keVTxjitHlyflam0WR4Hskj1yQDxySqrkgtRJg3ByTx7JM3lxHpwn59V5m5bOObOeHfIDzscXYwGgkg==</latexit>

�⌫D ⌘ vth
c
⌫0

<latexit sha1_base64="1U/k8ID1r+jnDIk20vJ6FejAEyE=">AAACH3icbVBNS8NAFNzU7/pV9ehlsQieSlJFPQr24FHBVqEpZbN9sYubTdx9KZaQf+LFv+LFgyLizX/jts1BWwcWhpl5vH0TJFIYdN1vpzQ3v7C4tLxSXl1b39isbG23TJxqDk0ey1jfBsyAFAqaKFDCbaKBRYGEm+D+fOTfDEAbEatrHCbQididEqHgDK3UrRz7DZDIqK/Sro/wiFkjpz48pGJA/VAzng0KHft5nvF8nHS7lapbc8egs8QrSJUUuOxWvvxezNMIFHLJjGl7boKdjGkUXEJe9lMDCeP37A7alioWgelk4/tyum+VHg1jbZ9COlZ/T2QsMmYYBTYZMeybaW8k/ue1UwxPO5lQSYqg+GRRmEqKMR2VRXtCA0c5tIRxLexfKe8z2wraSsu2BG/65FnSqte8w1r96qh61ijqWCa7ZI8cEI+ckDNyQS5Jk3DyRF7IG3l3np1X58P5nERLTjGzQ/7A+f4Bm7aj9w==</latexit>

vth ⌘
r

2kBT

mH
<latexit sha1_base64="4KDqtAgSu9VE3dKDNt1XKXLUIbs=">AAACJHicbVDLSgMxFM34tr5GXboJFsFVmamCghtRF11WsCp0Ssmkd9rQzKPJnWIZ5mPc+CtuXPjAhRu/xbTOQqsHAifnnEtyj59IodFxPqyZ2bn5hcWl5dLK6tr6hr25da3jVHFo8FjG6tZnGqSIoIECJdwmCljoS7jx++dj/2YISos4usJRAq2QdSMRCM7QSG37ZNj2EO4ww15OPRikYkg9PVCYeYFiPKvSfhE4y+lVnoXFrZbnedsuOxVnAvqXuAUpkwL1tv3qdWKehhAhl0zrpusk2MqYQsEl5CUv1ZAw3mddaBoasRB0K5ssmdM9o3RoECtzIqQT9edExkKtR6FvkiHDnp72xuJ/XjPF4LiViShJESL+/VCQSooxHTdGO0IBRzkyhHElzF8p7zFTDppeS6YEd3rlv+S6WnEPKtXLw/LpRVHHEtkhu2SfuOSInJIaqZMG4eSePJJn8mI9WE/Wm/X+HZ2xiplt8gvW5xepEaat</latexit>

a ⌘ �⌫L
2�⌫D

<latexit sha1_base64="0TJwJt+wrqZ2hNHrK+8CD61pTbw=">AAACI3icbZA9SwNBEIb3/DZ+nVraLAbBKtxFQbESTGFhEcGokAthbzNnluztnbtzwXDcf7Hxr9hYKMHGwv/iJqZQ4wsLL8/MMDtvmEph0PM+nJnZufmFxaXl0srq2vqGu7l1bZJMc2jwRCb6NmQGpFDQQIESblMNLA4l3IS9s1H9pg/aiERd4SCFVszulIgEZ2hR2z1hNID7TPRpEGnG86AGEi1TWTtAeMD8oijyKp3CtaJou2Wv4o1Fp40/MWUyUb3tDoNOwrMYFHLJjGn6XoqtnGkUXEJRCjIDKeM9dgdNaxWLwbTy8Y0F3bOkQ6NE26eQjunPiZzFxgzi0HbGDLvmb20E/6s1M4yOW7lQaYag+PeiKJMUEzoKjHaEBo5yYA3jWti/Ut5lNiu0sZZsCP7fk6fNdbXiH1Sql4fl09okjiWyQ3bJPvHJETkl56ROGoSTR/JMXsmb8+S8OEPn/bt1xpnMbJNfcj6/APi0pSA=</latexit>

H(a, x) =
a

⇡

Z 1

�1

e
�y2

dy

a2 + (y � x)2
⇡

(
e
�x2

‘core’

a/
p
⇡x

2 ‘wing’
<latexit sha1_base64="PvBOVPKww3mKfpdAVIWPIsIa298=">AAACoXicbVFdb9MwFHXC1yhfBR6RkEUFdIKWpCDBC9Ik9jAeQAXRbVLTdo5z01lznGDfQCIr/4vfwRv/BqeNBGxcyfLxPefY1/fGhRQGg+CX51+6fOXqtZ3rvRs3b92+079779DkpeYw47nM9XHMDEihYIYCJRwXGlgWSziKz961/NE30Ebk6gvWBSwytlYiFZyhS636Pw6G7Hm1S9/SKNWMW9bYqBANjYTClR25LcW6WdoOdC pY2lG9nLgjQoU2aerGsuWEPqPDelTtbhhWFDqvaBTDWijLXY2moa2xauknnfWE5xqeOnlEGX1BI/NV47YCJ/uj+i7UulWBSrqrVv1BMA42QS+CsAMD0sV01f8ZJTkvM1DIJTNmHgYFLizTKLiEpheVBgrGz9ga5g4qloFZ2E2HG/rYZRKa5tothXST/dthWWZMncVOmTE8Nee5Nvk/bl5i+mZhhSpKBMW3D6WlpJjTdlw0ERo4ytoBxrVwtVJ+ytwM0A2155oQnv/yRXA4GYcvx5NPrwZ7+107dsgD8ogMSUhekz1yQKZkRrj30Nv3Pngf/YH/3p/6n7dS3+s898k/4c9/A3jaza8=</latexit>

Lyα
(1216 Å)



LYMAN-ALPHA PHOTONS UNDERGO RESONANT SCATTERING

Scattering Analogy:
Papers within reach 
cannot escape

Standard Picture: 
Lyα photons escape 
in the wings (𝜏 ≪ 1)
⇒ Double-peaked 

line profiles

Major Caveats:
Density & velocity 
gradients, dust,
IGM transmission,
3D geometry, etc.

λ,ν



FREQUENCY REDISTRIBUTION DURING SCATTERING

• Scattering is coherent in the rest frame of the atom (not the fluid!) 
with the parallel velocity component affected by the resonance line

• Note: Δn = difference between outgoing and ingoing propagation 
directions, μ = directional cosine, uatom = atom’s velocity in Doppler 
units, and g = hΔνD/2kBT is the recoil parameter. The second line is 
given for a special reference frame aligned with the atom’s motion.

�x = �n · uatom + g(µ� 1)

= (uk � g)(µ� 1) + u?
p

1� µ2
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CALCULATING THE NUMBER OF CORE AND WING SCATTERINGS
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LYMAN-ALPHA ESCAPE AS A DOUBLE DIFFUSION PROCESS

Explicit time dependence of 𝐸(𝑧, 𝑥) shows the 
emergence of the double-peaked spectrum as 
photons diffuse in frequency and then space.

Diffusion in Space

Diffusion in
Frequency

(Frequency)

(S
pa

ce
)



GALACTIC OUTFLOW MODELS

IGM

• Central source drives 
an outflow or “wind”
& the Lyα line is
redshifted.

• Spherical symmetry
→ 1D approx. for comp.

feasibility & simplicity

• Reality:
→ 3D geometry
→ Multi-scale
→ Multi-phase
→ Multi-physics

• A partially neutral IGM:
→ Reduces the visibility of LAEs
→ Boosts the clustering signal

IGMISM



COSMOLOGICAL “ZOOM-IN” SIMULATION OF A REDSHIFT 5 GALAXY  (GIZMO/FIRE, Ma et al. 2017)

Accurately model the ionizing radiation for the recombination/collisional emission.
Follow the resonant scattering in the ISM and transmission through the IGM.

Recombinations Collisions After Scattering



ROTATING CAMERA REVEALS NONTRIVIAL SIGHTLINE DEPENDENCE  (CLOUDS, DOPPLER SHIFTS)



EXTENDED LYMAN-ALPHA HALOS  (FREQUENCY MOMENT MAPS)

Lyman-alpha Blobs in Massive FIRE simulations. (Ben Kimock @ Univ. of Florida)



MORPHOLOGICAL DIFFERENCES IN THE LYMAN-ALPHA ENERGY DENSITY

z = 5z = 6.6



TIME-DEPENDENCE OF LYMAN-ALPHA PROPERTIES

z = 6.6

Properties fluctuate in response 
to the star formation activity.



OBSERVATIONAL PROPERTIES: ESCAPE FRACTIONS & EQUIVALENT WIDTHS

The Lyα escape fraction reacts 
to the star formation activity. 
Can be quite high lower mass 
galaxies with strong feedback.

High equivalent width (FLyα/fλ,UV) 
sightlines correspond to low density 

outflowing gas. This is a natural 
result of feedback processes.



Discrete Diffusion

What to do when scattering dominates



DISCRETE DIFFUSION MONTE CARLO (DDMC)

• We can discretize in space when the mean free path is unresolved.
• Apply Fick’s law as a closure relation to the moment equation:

• Finite volume codes approximate operators as volume-integrated:

• Discretization leads to a MCRT interpretation (conserved transport).
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Lyα LOCALIZED TRANSFER EQUATION
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Angle average  ⇒ Zeroth order moment equation

Diffusion approximation for space and frequency
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Unresolved 
Spatial 

Diffusion
Condition: Runtime:
`mfp ⌧ �z
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Lyα RESONANT DDMC – COMPARISON WITH TRADITIONAL MONTE CARLO



Lyα Radiation Pressure

Coupling to the hydrodynamics



Lyα RESONANT SCATTERING ACTS AS A FORCE MULTIPLIER

• Other works use order of magnitude estimates based on idealized Lyα RT:
Cox (1985), Bithell (1990), Haehnelt (1995), Henney & Arthur (1998), Oh & Haiman (2002), 
McKee & Tan (2008), Milosavljevic ́ et al. (2009), Wise et al. (2012)
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Example: Lyα

trapping in the 
expanding shell 
model based on 

MCRT calculations
(Dijkstra & Loeb 

2008,2009).



M� ≈ 6 × 105 M¤

✱Smith + (2017a)

Lyα RADIATION PRESSURE CAN BE DYNAMICALLY IMPORTANT

5 kpc 250 pc 10 pc 0.5 pc5 kpc 250 pc 10 pc 0.5 pc

✱Smith + (2017c)

• 1D radiation hydrodynamics simulations with Lyα pressure

• Radiation-driven winds can be accelerated by Lyα trapping

• 3D post-processing analysis of a Direct Collapse Black Hole

• Thermal and chemical feedback can be important too.
(Ge & Wise 2017, Johnson & Dijkstra 2016)



THE ROLE OF LYMAN-ALPHA RADIATION PRESSURE

• Lyα pressure is likely to play only a minor role in the overall galactic dynamics.

• However, we find high Eddington factors in the neutral, low-metallicity filaments.

• Mgas(>fEdd) fluctuates with redshift in the range of 0.01–10% of the total gas mass.
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IMACT OF Lyα PRESSURE ON METAL-POOR DWARF GALAXIES

Kimm et al. (2018) showed that Lyα
feedback can shape galaxy evolution.
• Suppresses star formation early on
• Significantly fewer star clusters form
• Weaker galactic outflows (less bursty)
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APPLYING RADIATION HYDRODYNAMICS TO RESONANCE LINES

• On the fly 3D Lyα radiation hydrodynamics is feasible with 
the new resonant discrete diffusion Monte Carlo method.

• Initial collapse of massive seed black holes, e.g. DCBHs.

• Study line driven winds, e.g. massive stellar systems and 
lanthanide-rich kilonova from binary neutron-star mergers.

• Scenarios where optically-thin approximations break down.



Monte Carlo RHD

More on code accuracy and efficiency



CONTINUOUS ABSORPTION

• Absorption is treated deterministically by reducing photon weights.

where

• Momentum deposition is also path-based (add kinetic energy too).

• The momentum correction factor accounts for the decreasing 
photon energy contribution due to absorption along the path:
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ADAPTIVE CONVERGENCE

• Monte Carlo noise can compromise the accuracy of radiation 
hydrodynamics simulations if convergence is not reached.

• Fortunately, we can quantify the relative signal to noise ratio:

• In our case, we have a weighted Poisson process with relative error:

• Continue adding photon packets until the convergence is reached.
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AREPO-MCRT: MONTE CARLO RADIATION HYDRODYNAMICS ON A MOVING MESH

Advantages of MCRT:
­ Accurate in optically thin/thick limits

­ Multiple scattering RHD coupling       
e.g. dust and line radiation pressure

­ Maintains high resolution by running 
natively on unstructured mesh data

­ Efficiency improvements:
• Implicit transport (IMC)

• Discrete diffusion (DDMC)

• Continuous absorption

• Adaptive convergence

• Luminosity boosting
­ Status: Optimizing the code 

for production simulations

Radiative
Equilibrium

(Internal Energy)



Other Options for RT

Comments about numerical methods



MOMENTS OF THE SPECIFIC INTENSITY

• The radiation energy density, flux, and pressure can be given in 
terms of directional moments of the intensity over solid angle.
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THE MOMENT EQUATIONS

• Zeroth moment equation (RTE integrated over all directions)

• First moment equation (n ⨉ RTE integrated over all directions)

• Conservation equations continue to higher order moments.
• Note: N-1 equations with N unknowns. We need a closure relation.
• Several numerical methods to solve the RTE, each with pros/cons.
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FLUID METHODS

• Flux-limited diffusion (FLD) uses the Eddington closure relation:

where

• With the ‘flux-limiter’ given by the gradient of the radiation field:

and

• The ‘moment-one’ (M1) method relates the pressure P to the flux F
for improved accuracy. The advantage of fluid methods is that they 
do not scale with the number of sources (good for hydro codes).
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RAY TRACING METHODS

• Long characteristics methods solve the 1D RTE along rays.
• Monte Carlo methods sample random photon trajectories.
• These particle-based (collisionless) schemes can converge to give 

the “exact” solution, even below the simulation resolution.
• Approximations for computational efficiency:
• Limited numbers of rays (Nrays) or photon packets (Nph)
• Infinite/reduced speed of light approximations (e.g. equilibrium)
• Spatial/frequency discretization schemes (adaptive resolution)
• Short characteristics with less accurate non-local treatment
• Implicit transport – absorption and re-emission → scattering

• Main drawback is computational expense:
• Ray tracing scales as ∝ Ns

2 not good for numerous sources
• Monte Carlo has brute force convergence of ∝ sqrt(Nph)



ALTERNATE SCHEMES

• What about other methods? Tailor method to your problem.
• How accurately do I need to treat [insert physics]?
• What is the geometry and dimensionality? Symmetry?

• Look out for new/hybrid schemes: e.g., Ryan & Dolence (2019) 
Method of Characteristics Moment Closure (MOCMC)
• RTE closed with a swarm of “transport samples”
• Local adaptivity with convergence as ∝ Nsamples

• It is good to be aware of the following:
• Discrete Ordinates and SN etc. methods
• Diffusion solvers (many variations!)
• Flux-limited Diffusion (FLD), Moment 1 (M1)
• Variable Eddington Tensor (VET)
• Tree methods (scaling as ∝ NlogN)


